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1. Introduction. 

Let C be an elliptic curve over Q. Let N be the conductor of C. The Taniyama 
conjecture asserts that there is a non-constant map of algebraic curves X (N) — » C 
which is defined over Q. Here, X Q {N) is the standard modular curve associated 
with the problem of classifying elliptic curves E together with cyclic subgroups of E 
having order N . 

The Taniyama conjecture may be reformulated in various ways. For example, 
let Xi (M) be the modular curve associated with the problem of classifying elliptic 
curves E along with a point of order M on E. One knows that if there is a non- 
constant map Xi(M) — + C over Q for some M > 1, then there is a non-constant 
map X (N) — > C . (For a result in this direction, see [10].) 

In a recent article [9], B. Mazur introduced another type of reformulation. Mazur 
says that C possesses a "hyperbolic uniformization of arithmetic type" if there is 
a non-constant map over the complex field tt: Xi(M)c — ► C'c for some M > 1. 
The map tt is not required to be defined over Q. In [9, Appendix], Mazur proves: 
Suppose that there is a non-constant map tt: X%(M)c — > Cc- Then there is a 
non-constant map tt' : Xi(M') — > C over Q, where M' is a suitable positive integer 
(which may be different from M). As mentioned above, it follows easily from 
the existence of tt' that C satisfies Taniyama's conjecture. We thus arrive at the 
following conclusion: 

(1.1) Theorem [Mazur]. Let C be an elliptic curve over Q. Then C satisfies 
Taniyama 's conjecture if and only if C admits a hyperbolic uniformization of arith- 
metic type over C. 

In connection with [9], Serre asked for a conjectural characterization of elliptic 
curves over C which admit a hyperbolic uniformization of arithmetic type. All 
such curves are defined over Q, the algebraic closure of Q in C. Thus one wishes 
to characterize those elliptic curves over Q which are quotients of some modular 
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curve X\(M). Equivalently, one wishes to study the set of elliptic curves which are 
quotients of the Jacobian Ji(N)q of X\(N)q, for some N > 1. It is well known 
that all complex multiplication elliptic curves have this property; this follows from 
[24, Th. 1]. Hence we are principally interested in elliptic curves C/Q without 
complex multiplication. 

In this article, we introduce the concept of an abelian variety over Q which is of 
"GL 2 -type." Roughly speaking, this is an abelian variety over Q whose algebra of 
Q-endomorphisms is a number field of degree equal to the dimension of the abelian 
variety. It is easy to see that J\ (N) decomposes up to isogeny over Q as a product 
of such abelian varieties. Hence any C/Q which is a quotient of some Ji(N) is a 
quotient (over Q) of an abelian variety of GL 2 -type over Q. 

We prove in this article the following facts (the third is a simple corollary of the 
first two): 

1. Let C be an elliptic curve over Q without complex multiplication. Then C is a 
quotient of an abelian variety of GL 2 -type over Q if and only if C is isogenous 
to each of its Galois conjugates "C with a e Gal(Q/Q). (If C has this latter 
property, we say that C is a "Q-curve." The terminology is borrowed from Gross 
[5]-) 

2. Assume Serre's conjecture [22, (3.2.4?)] on representations of Gal(Q/Q). Then 
every abelian variety of GL 2 -type over Q is a quotient of J\(N) for some N > 1. 

3. Let C/Q be an elliptic curve without complex multiplication. If C is a quotient 
of Ji(7V)q for some N, then C is a Q-curve. Conversely, suppose that C is a Q- 
curve. Then if the conjecture [22, (3.2.4?)] is correct, C is a quotient of J\(N)q 
for some N. 

In summary, we arrive at a conjectural characterization of elliptic curves over Q 
which are quotients of modular curves Xi(N): they are exactly the Q-curves in the 
sense indicated above. This characterization was predicted by Serre. 

2. Abelian varieties over Q of GL 2 -type. 

We will be concerned with abelian varieties over Q which admit actions of number 
fields that are "as large as possible." We first quantify this concept. 

Suppose that A is an abelian variety over Q and that E is a number field acting 
on A up to isogeny over Q: 

E^> Q®z End Q (A). 

By functoriality, E acts on the space of tangent vectors Lie(A/Q), which is a Q- 
vector space of dimension dim A. (For an account of the Lie algebra attached to 
a group scheme over a field, see for example [12, §11].) The dimension of this 
vector space is therefore a multiple of [E: Q], so that we have [E: Q] | dim A. In 
particular, [E: Q] < dim A 

This observation motivates the study of abelian varieties A/Q whose endomor- 
phism algebras contain number fields of maximal dimension dim A. If E is a number 
field of degree dim A which is contained in Q ® Endq(A), then the Tate modules 
Vi(A) associated with A are free of rank two over E <8>q Q^. Accordingly, the action 
of Gal(Q/Q) on Vg(A) defines a representation with values in GL(2, E (g> Q^). We 
say that A is of "GL 2 -type." 
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Suppose that B is of GL 2 -type, and that FCQ® Endq(£>) is a number field 
of degree dim£>. Let £ be a number field containing F, and let n = [E: F\. After 
choosing a basis for E over F, we find an embedding E C M(n, F) of E into the 
ring of n by n matrices over F. Since M(n, F) acts naturally up to isogeny on 
A := B x • • • x B (n factors), we obtain an embedding E C Qg)Endq(A). Hence A 
is again of GL 2 -type. (We can summarize the situation by writing A = E <g>p B.) 

We say that an abelian variety A/Q of GL 2 -typc is primitive if it is not isogenous 
over Q to an abelian variety obtained by this matrix construction, relative to an 
extension E/F of degree n > 1 (cf. [28, §8.2]). 

(2.1) Theorem. Let A be an abelian variety o/GL 2 -£j/pe over Q. Then the fol- 
lowing conditions are equivalent: (i) A is primitive; (ii) A/Q is simple; (Hi) the 
endomorphism algebra of A/Q is a number field whose degree coincides with the 
dimension of A. 

Proof. Let E be a number field of degree dim A which is contained in the Q-algebra 
X := Q <E>z Endq(A). Let D be the commutant of E in X. We claim that D is a 
division algebra (cf. [14, Th. 2.3]). 

To prove the claim, we must show that each non-zero Q-endomorphism of A 
which commutes with E is an isogeny. Let A be such an endomorphism and let 
B be the image of A. Then B is a non-zero abelian subvariety of A. The field E 
operates on B (up to isogeny), and thereby acts by functoriality on the Q-vector 
space Lie(B/Q). The dimension of Lie(f?/Q) is accordingly a multiple of [E: Q]; 
on the other hand, it coincides with dimB. Hence B = A, so that A is an isogeny. 

The Lie algebra Lie(A/Q) may now be viewed as a D-vector space. Because of 
this, the dimension of Lie(A/Q) is a multiple of dimq(Z)). In other words, we have 
dim(D) | dim(_E). This gives the equality D = E; i.e., it shows that E is its own 
commutant in X . 

In particular, the center F of X is a subfield of E. We have then X « M(n, Q), 
where Q is a division algebra with center F. If Q has dimension t 2 over F, then 
nt = [E: F]. This follows from the fact that E is a maximal commutative semisim- 
ple subalgebra of X, which in turn follows from the statement that E is its own 
commutant in X. 

The structure of X shows that A is isogenous (over Q) to a product of n copies of 
an abelian variety B whose algebra of Q-endomorphisms is isomorphic to Q. The 
same Lie algebra argument we have already used shows that dimq(Q) | dim(S), 
so that n ■ dimq(Q) | dim (A). This gives the divisibility nt 2 [F: Q] \ [E: Q], which 
implies nt 2 \ nt. One deduces that t = 1, i.e., that Q — F, and obtains the equality 
n = [E: F]. Hence the dimension of B coincides with the degree of F over Q. Also, 
we have Q <g> Endq(A) w M(n,F). 

In other words, A is obtained from B and F by the construction we outlined 
above. The equivalence of the three statements in the theorem is now clear: each 
assertion is equivalent to the equality n = 1 . ■ 

3. ^-ADIC REPRESENTATIONS ATTACHED TO PRIMITIVE 
ABELIAN VARIETIES OVER Q OF GL 2 -TYPE. 

In what follows, we study primitive abelian varieties of GL 2 -type over Q. Since we 
never encounter such abelian varieties which are not primitive in the above sense, 



4 



KENNETH A. RIBET 



we will often drop the word "primitive" and refer simply to abelian varieties over Q 
of GL2-type. 

To motivate the study of these varieties, we first allude to the existence of a large 
class of examples of (primitive) abelian varieties of GL 2 -type over Q. Suppose 
that / — "^2 a n q n is a normalized cuspidal cigcnform of weight two on a subgroup 
of SL(2,Z) of the form T^N). Then Shimura [25, Th. 7.14] associates to / an 
abelian variety A = Af over Q together with an action on A of the field E = 
Q(. . . ,<!,„...). The variety Af may be constructed as a quotient of J\(N), the 
Jacobian of the standard modular curve X\ (N) [27] . The dimension of A and the 
degree of E are equal. It is well known (and easy to show) that E is the full algebra 
of endomorphisms of A which are defined over Q [17, Cor. 4.2]. Thus, A is of 
GL 2 -type over Q. For each N > 1, the Jacobian Ji(N) is isogenous to a product 
of abelian varieties of the form Af [17, Prop. 2.3]. 

In §4, we study the converse problem: Suppose that A/Q is of GL/2-type. Is 
A isogenous to a quotient of J\(N), for some N > 11 We show that an affir- 
mative answer is implied by conjecture (3.2.4?) of Serre's article [22] on modular 
representations of Gal(Q/Q). 

We now begin the study of Galois representations attached to GL2-type abelian 
varieties over Q. Suppose that A is such an abelian variety. Let E be the en- 
domorphism algebra of A/Q. Then E is a number field which is either a totally 
real number field or a "CM field," since each Q-polarization of A defines a positive 
involution on E. 

Recall that for each prime number £, the Tate module Vi — Ve(A) is free of 
rank two over E <£>q Qe- For each prime A | I of E, let Ex be the completion 
of E at A, and set V\ := Ve ®E®Q e E\. Thus V\ is a two-dimensional vector space 
over Ex, and Vi is the direct sum of the V\ with A | I. The action of Gal(Q/Q) 
on Vx defines a "A-adic representation" px- One knows that the collection (pa) 
(as A ranges over the set of finite primes of E) forms a strictly compatible system 
of ^-rational representations whose exceptional set is the set of prime numbers at 
which A has bad reduction. (For background on this material, see [23, §11.10] and 
perhaps [15, Ch. II].) We will prove some facts about the A-adic representations px 
and their reductions mod A. 

For each A, let 5x- Gal(Q/Q) — ► E^ be the determinant of px- The 6\ form a 
compatible system of ^-rational one-dimensional representations of Gal(Q/Q). In 
the case where E is totally real, we have det px — Xe, where 

XV- Gal(Q/Q)-Z; 

is the i?-adic cyclotomic character, and where t is the prime of Q lying below A 
[15, Lemma 4.5.1]. This formula must be modified slightly in the case where E is 
allowed to be a CM-field: 

(3.1) Lemma. There is a character of finite order e: Gal(Q/Q) — » E* such that 
Sx = exe f or each finite prime A of E. This character is unramified at each prime 
which is a prime of good reduction for A. 

Proof. Since the abelian representations 6\ arise from an abelian variety, they have 
the Hodge- Tate property. It follows that they are locally algebraic in the sense 
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of [19, Ch. Ill]; see [19, p. 111-50] and [15, Prop. 1.5.3]. One deduces that the 
family 5\ is associated with an E- valued Grossencharacter of type A D of the field Q 
[15, p. 761]. Since the type-A c Grossencharacters of Q are just products of Dirichlct 
characters with powers of the "norm" character, there is an integer n and an E- 
valued Dirichlet character e so that we have 5\ = e%™ for each A. Here, I again 
denotes the residue characteristic of A. (We will use the association I <-» A from time 
to time without comment.) We have blurred the distinction between characters of 
Gal(Q/Q) of finite order and Dirichlet characters: if e is a Dirichlet character, 
then its Galois-theoretic avatar takes the value e(p) on a Frobenius element for p 
in Gal(Q/Q). 

By the criterion of Neron-Ogg-Shafarevich, p\ is ramified at a prime p ^ I if and 
only if A has bad reduction at p. Thus, S\ is unramified at a prime p ^ I if A has 
good reduction at p. In other words, if p is a prime of good reduction for A, and if 
I ^ p, then ex™ is unramified at p. Since xi is unramified at p, e is unramified at p. 

It remains to check that n = 1. For this, fix a prime number t. It is well known 
that the action of Gal(Q/Q) on detQ £ (V£) is given by the character x^™^ = 
X^' On the other hand, the determinant of the action of Gal(Q/Q) on Vi is 
given by the character 

U N ^ /Qt XSx)-N E/Q (e)-x7 [E:Q] - 



(Here, N denotes a norm.) Since xt nas infinite order, we deduce that N(e) = 1 
and that n = 1. ■ 

(3.2) Lemma. Each character 5\ is odd in the sense that it takes the value —1 on 
complex conjugations in Gal(Q/Q). 

[Since xi is an °dd character, the Lemma may be reformulated as the statement 
that e(— 1) = +1.] For the proof, we use the comparison isomorphism 

V x « H 1 (A(C),Q)®eE x 

resulting from an embedding Q C. In this view of V\, the complex conjugation 
of Gal(Q/Q) acts on V\ as ® 1, where F^ is the standard "real Frobenius" 
on i?i(A(C),Q) (cf. [2, §0.2]). In particular, 5\ is odd if and only if we have 
detFoo — — 1, where the determinant is taken relative to the E- linear action of F^ 
on #i (4(C), Q). 

Since F^ is an involution, and Hi(A(C),Q) has dimension two, the indicated 
determinant is +1 if and only if Foo acts as a scalar (= ±1) on Hi(A(C),Q). 
To prove that F^ does not act as a scalar, we recall that Foo ® 1 permutes the 
two subspaces H i and Hi of Hi(A(C), Q) ®q C in the Hodge decomposition 
of Hi(A(C),Q)®qC. * ■ 

(3.3) Proposition. For each \, p\ is an absolutely irreducible two dimensional 
representation o/Gal(Q/Q) over E\. We have Endq^ Gal (Q/Q)] V\ = E\. 

Proof. Faltings [3] proved that Ve is a semisimple Q^[Gal(Q/Q)]-module whose 
commutant is E <S> Qt- (This is the Tate conjecture for endomorphisms of A.) 
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Since Ve is the product of the V\ with A | £, each module V\ is semisimple over 
Q^[Gal(Q/Q)] and satisfies Endqr Gal ,Q ,qn, V\ = E\. This implies that V\ is 
simple over E\, and that Ends A V\ = E\. The absolute irreducibility follows. ■ 

For each prime p at which A has good reduction, let a p be the element of E such 
that 

a p = trE A (Frob p | V\) 

whenever £ ^ p. Let — denote the canonical involution on E: this involution is the 
identity if E is totally real, and the "complex conjugation" on E if E is a CM field. 
The involution ~~ is the Rosati involution on E induced by every polarization of 
A/Q. 

(3.4) Proposition. We have a p = a p e(p) for each prime p of good reduction. 

Proof. Let £ be a prime number. Let a: E <—* Q £ be an embedding of fields, and 
let a be the conjugate embedding x i— > a{x). Let V a — Ve <g>E®Q t Q^, where the 
tensor product is taken relative to the map of Q^-algebras E ® — > Q e induced 
by a. Define V a similarly, using a. 

Fix a polarization of A/Q. The associated e^-pairings of Weil induce a bilinear 
map {,):VexVe — > Q^(l), where Qe(l) is (as usual) the Q^-adic Tate module 
attached to the £-power roots of unity in Q. We have {ex,y) = (x,ex) for e e E 
and x,y e V(. Further, this pairing is Gal(Q/Q)-cquivariant in the sense that we 
have ( 9 x, 9 y) — 9 {x,y) for g E Gal(Q/Q). After extending scalars from to Q e , 
we find an isomorphism of QJGal(Q/Q)]-modules 

V^«Hom(Vv,Q,(l)). 

Now (3.1) implies that the determinant of V a is a one-dimensional Q £ -vector space 
on which Gal(Q/Q) acts by the character <r(exe) — a £Xl- Since V a is of dimension 
two, this gives 

nom(V a ,Q e C>exe))~V a . 

In view of the fact that Hom(Vv, Qei^Xe)) is the twist by °e of Hom(Vv, Q^(l)), we 
get V a ~ V^(°e). Forp ^ I a prime of good reduction, the trace of Frob p acting on V a 
is a(a p ), and similarly the trace of Frob p acting on V s ( a e) is a e(p)<j(a p ) = a e(p)a(a p ). 
This gives a p = e(p)a p , as required. ■ 

(3.5) Proposition. Let S be a finite set of prime numbers including the set of 
primes at which A has bad reduction. Then the field E is generated over Q by the 
a p with p £ S. 

Proof. The Proposition follows from the Tate Conjecture for endomorphisms of A 
by a simple argument, which we now sketch (see [15, pp. 788-789] for more details). 
Choose a prime number £, and observe that End Gal (q/q) Ve = E (g) because 

of Faltings's results quoted in the proof of (3.3). Let V e = Ve ® Q e ; then as a 
consequence we have Endq^ Gal( .Q-yqjj Ve = E<$Q e . In addition, the semisimplicity 

of the Ve implies that Ve is semisimple as a Q£[Gal(Q/Q)]-modulc. For each 
a: E Q £ , let V a be as above. Then the V„ are simple QJGal(Q/Q)]-modules, 
and they are pairwise non-isomorphic. Indeed, they are a priori semisimple, but 
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the commutant of their product is Y[ a Q^- It follows that their traces are pairwise 
distinct. Since the trace of Frob p acting on V a is cr(a p ) (for p £ S U {I}), the 
Cebotarev Density Theorem implies that the functions p a(a p ),p ^SU {£} are 
pairwise distinct. ■ 

For the next result, fix a finite set S as in (3.5), and let F be the subfield of E 
generated by the numbers a^/t{p) with p £ S. 

(3.6) Proposition. The field F is totally real. The extension E/F is abelian. 
Proof. Let ~~ again be the canonical complex conjugation of E. For p £ S, we have 

e(p) e( P r e(P) 

by (3.4). The first assertion of the Proposition then follows. For the second, let 
t p = ap/e(p). It is clear that E is contained in the extension of F (in an algebraic 
closure of E) obtained by adjoining to F the square roots of all t p , and all roots of 
unity. This gives the second assertion. ■ 

We now consider the reductions of the A-adic representations p\. To do this 
directly, replace A by an abelian variety which is Q-isogenous to A and which 
has the property that its ring of Q-endomorphisms is the ring of integers O of E. 
(This process does not change isomorphism classes of the A-adic representations 
Pa-) Write simply A for this new abelian variety. For each A, consider the kernel 
A[X] : this is the group of Q-valued points of A which are killed by all elements of the 
maximal ideal A of C The action of O on A [A] makes A [A] into a two-dimensional 
vector space over the residue field Fa of A. The FA-linear action of Gal(Q/Q) 
on A[X] defines a reduction ~p x of p\ (cf. [15, II.2]). (There should be no confusion 
with the involution ~~ which appears above.) 

(3.7) Lemma. For all but finitely many \, the representation p A is absolutely 
irreducible. 

A result of Faltings [4, Theorem 1, page 204] implies that the following holds for 
almost all A: ^4[A] is a semisimple F4Gal(Q/Q)] module whose commuting algebra 
is Fa- The Lemma follows directly from this statement. ■ 



4. Conjectural connection with modular forms. 



We continue the discussion of §3, focusing on the possibility of linking A with 
modular forms, at least conjecturally. According to (3.7), ~p x is absolutely irre- 
ducible for almost all A. For each A such that p x is absolutely irreducible, conjec- 
tures of Serre [22, (3.2.3?-3.2.4?)] state that ~p x is "modular" in the sense that it 
arises from the space of mod £ cusp forms of a specific level N\, weight k\, and 
character 6a- 

These invariants are essentially constant as functions of A. Rather than study 
them for all A, we will restrict attention to those maximal ideals A which are odd, 
prime to the conductor of A, are unramified in E, and have degree one. Let A be 
the set of such ideals A with the property that ~p x is absolutely irreducible. Lemma 
3.7 implies that A is an infinite set. 
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(4.1) Lemma. The levels N\ are bounded as A varies in A. 

Proof. It follows from the definition of N\ that this level divides the conductor of 
the two-dimensional £-adic representation p\. (To compare the two conductors, one 
can use the Hilbert Formula of [13, §1].) The conductor of p\ divides the conductor 
of the full £-adic representation Ve(A). According to results of A. Grothendieck [7, 
Cor. 4.6], this latter conductor is independent of £. (It is by definition the conductor 
of A.) U 

(4.2) Lemma. For all A e A, we have k\ = 2. 

Proof. Take A S A. The determinant of ~p x is the reduction mod A of S\. By (3.1), 
this determinant is the product of the mod £ cyclotomic character \i an d the 
reduction mod A of e. The definition of A shows that I is a prime of good reduction 
for A, so that e is unramified at i (Lemma 3.1). Hence, if I is an inertia group for I 
in Gal(Q/Q), we have det ~p~ x \ I — \ e . 

Further, suppose that D C Gal(Q/Q) is a decomposition group for I. It is clear 
that p x | D is finite at I [22, p. 189], since A has good reduction at I. Indeed, the 
kernel of multiplication by I on Aq ( extends to a finite flat group scheme Q over 
because of this good reduction [7, Cor. 2.2.9]. The Zariski closure of A[X] in Q then 
prolongs p x to a group scheme of type (£,£) over Z^. 

By Proposition 4 of [22, §2.8], we find that k x = 2. ■ 

(4.3) Lemma. For all but finitely many A £ A, we have e\ = e. 

One checks easily that e\ — e whenever £ is prime to the order of e. We omit the 
details, since Lemma 4.3 will not be used below. ■ 

(4.4) Theorem. Let A be an abelian variety over Q of GL 2 -type. Assume Serre's 
conjecture [22, (3.2.4?)] on representations o/Gal(Q/Q). Then A is isogenous to 
a Q-simple factor of J\(N), for some N > 1. 

Proof. Applying [22, (3.2.4?)] to the representations ~p x with A £ A, we find that 
each ~p x arises from a newform of weight k\ — 2 and level dividing N\ . Since the 
N\s are bounded (Lemma 4.1), there are only a finite number of such newforms. 

Hence there is a fixed newform f = Y] a n q n which gives rise to an infinite 
number of the p A 's. Explicitly, we have the following situation. Let R be the ring 
of integers of the field Q(. . . , a„, . . . ). For an infinite number of A 6 A, there is a 
ring homomorphism tp\ : R — > Fa mapping a p to tr(p A (Frob p )) for all but finitely 
many primes p. 

Let N be the level of /, and let Af be the quotient of Ji(N) which is associated 
to /. Let A be a prime for which there is a ip\ as above. By the Cebotarev Density 
Theorem, we have 

Af[£]® R /mF\ ~ A[X] ® Fa F a , 

where F\ is regarded as an R/£R- module via ip\. Since Af[£](& R /p R F\ is a quotient 
of Af[£] (g) F£ F A , and since F\ = F e , we have 

Hom F A [Gal(Q/Q)](^/M ®F f F X ,A[\] ® P< F X ) + 0. 
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It follows that Hom Fe[Gam/Q)] (A f [e},A[X\) ^ 0. 

Hence we have Hom F ^ Gal( .qyQ^ (A/[£], A[l]) ^ for an infinite number of prime 
numbers I. By the theorem of Faltings quoted above, we get HomQ(A/,yl) ^ 0. 
Since A is a simple abelian variety over Q, A must be a quotient of Af. Since Af 
is, in turn, a quotient of Ji(iV), we deduce that A is a quotient of Ji(N). ■ 

5. Decomposition over Q. 
Suppose again that A/Q is an abelian variety of GL 2 -type, and let 

E = Q®End Q (A). 

Let X = Q <g> Endq(A) be the algebra of all endomorphisms of A. 

(5.1) Proposition [Shimura]. Suppose that Aq has a non-zero abelian subvariety 
of CM-type. Then A^ is isogenous to a power of a CM elliptic curve. 

This is Proposition 1.5 in [26]. For a generalization of this result, see Proposition 5.2 
of [8]. See also the discussion in §4 of [16]. 

(5.2) Proposition. Suppose that A^ has no non-zero abelian subvariety of CM 
type. Then the center of X is a subfield F of E. The algebra X is isomorphic either 
to a matrix ring over F , or else to a ring of matrices over a quaternion division 
algebra over F. 

Proof. We employ the same arguments used to prove (2.1) above and Theorem 2.3 
of [14]. Let D be the commutant of E in X. Clearly, D is a division algebra: 
otherwise, we can make E act on a proper non-zero abelian subvariety of Aq, 
contrary to the hypothesis that no abelian subvariety of Aq is of CM type. Also, 
E is a subfield of D; it is a maximal commutative subfield because Aq does not 
have complex multiplication. Hence E is its own commutant in D. Since D is the 
commutant of E, we get D = E. In particular, the center of X is contained in E, 
so that the center is a subfield F of E. 

Since X is now a central simple algebra over F, we have X « M(n,D), where 
D is a division algebra with center F, and n is a positive integer. Suppose that 
D has dimension t 2 over F; then [E: F] — nt since E is a maximal commutative 
subalgebra of X. Up to isogeny, Aq is of the form B n , where the endomorphism 
algebra of B contains D. Following an idea of J. Tunnell (cf. [18, Th. 1]), we fix 
an embedding Q C and form the cohomology group H 1 (B(C) 1 Q). This is a 
Q-vector space of dimension 

9 9nt 
2dim(5) = -dim(A) = [F: Q] 

n n 

with a functorial action of D. Hence the Q-dimension t 2 [F: Q] of D divides the 
dimension over Qofi7 1 (B(C),Q), which is 2t[F: Q]. Thus t < 2, so that either 
D = F, or else D is a quaternion division algebra with center F. I 

As in Proposition 3.6, let S be a finite set of primes containing the primes of bed 
reduction for A. Let F be the center of X. Then we have: 
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(5.3) Theorem. The field F is generated by the numbers a p /e(p) with p £ S. 

In other words, the field F which appears in (3.6) is the same as the field F in (5.2). 

Let £ be a prime which splits completely in E, so that all embcddings E 
take values in Q £ . Choose a finite extension K of Q such that all endomor- 
phisms of A are defined over K, and let H be the corresponding open subgroup 
of Gal(Q/Q). Replacing H be a smaller subgroup of Gal(Q/Q) if necessary, we 
may assume that H is contained in the kernel of e. We have X ® Q £ = Endq £ [ ff ] Ve, 
by Faltings's results [3]. The center of X ® Qe is F (g> Q £ . 

The Tate module Ve decomposes as a product Y[ a V°-> where a runs over the 
set E of embeddings a: E — ► Q £ , and where V a = Ve ®E®Q e Qe, with Q £ being 
regarded as an E ® Q £ module via ct. (Cf. the proof of (3.4).) Each V a is a simple 
Q £ [iJ]-module because A has no CM subvariety and because the action of H on Vg 
is semisimple (Faltings). Hence End# V a = Qe for each a. 

For each prime v of K which is prime to I and the set of bad primes for A, there 
is a "trace of Frobenius" t v £ E associated with v. We have tr(Frob„ | V a ) = u{t v ) 
for each a. One finds for a, r £ S that and V^- are isomorphic Q £ [-ff] -modules 
if and only if <r(t v ) = r(t v ) for all v, i.e., if and only if <t\l = t\l, where L = 
Q(. . . , i„, • • • ) (cf. [15, §IV.4]). This implies that the center of X ® Q £ is i ® Q £ . 
Thus F ® Q £ = L ® Q £ (equality inside _E ® Q £ ), which implies that F = L. 

Suppose now that a = r on L, so that V a ~ V T &s representations of H. A 
simple argument shows that there is a character <p: Gal(Q/Q) — > Q| such that 
VJt w Vt- ® <p as Q £ [Gal(Q/Q)]-modules. The character <p is necessarily unramificd 
at all primes p ^ f which are primes of good reduction for A. Taking traces, we 
get <r(a p ) — (p(p)r(a p ) for all such primes. By considering determinants, we get 
a e = ip 2 ■ T e. These two equations show that a and r agree on a 2 /e(p) for all good 
primes p ^ t. 

It follows by Galois theory that we have a 2 /e(p) e L for all good reduction 
primes p ^ I. Hence a p /e(p) G F for all such p. By varying £ we obtain the 
inclusion Q(. . . , a 2 /e(p), . . .) Cf, where p runs over the set of all primes of good 
reduction for A. 

To prove the opposite inclusion, we must show that if a{a 2 /e{p)) = T{a 2 /e{p)) 
for all p, then V a and V T are f/-isomorphic. By the Cebotarev Density Theorem, 
the hypothesis implies that the functions on Gal(Q/Q) "tr 2 / det" are the same for 
V a and V T . In particular, we have tv(h\V a ) = ± tr(h\V T ) for all h E H. This equality 
implies that V a and V T become isomorphic after H is replaced by an open subgroup 
H Q of H (cf. [20, p. 324]). Since H was already chosen "sufficiently small," we find 
that V a and V T are indeed isomorphic as Q £ [_ff]-modules. ■ 

(5.4) Corollary. The center F of X is a totally real number field. The extension 
E/F is abelian. 

Proof. The Corollary follows from (5.3) and (3.6). ■ 

Let g be an element of Gal(Q/Q), and consider the automorphism x i— ► 9 x of X 
which is induced by g. This automorphism is necessarily inner (Skolcm-Nocthcr 
theorem), and it fixes E; therefore it is given by conjugation by an element a(g) 
of E* which is well defined modulo F*. The map a: Gal(Q/Q) — > E*/F* is a 
continuous homomorphism (cf. [18, p. 268]). It is a fact that a is unramified at all 
primes p at which A has semistable reduction [14, Th. 1.1]. 
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(5.5) Theorem. We have a 2 = e (mod F*). Moreover, suppose that p is a prime 
of good reduction for A such that a p ^ 0. Then a(Frob p ) = a p (mod F*). 

Proof. To prove the first assertion, let £ be a prime which splits completely in E. We 
must prove that a(a 2 (g)/e(g)) = T(a 2 (g)/e(g)) whenever a and r are embeddings 
E ^ Qe which agree on F. 

If a and r have this property, then there is a character ip: Gal(Q/Q) — ► 
for which V a w V T ® <p (the notation is as in the proof of (5.3)). The Galois 
group Gal(Q/Q) acts on Hom(V CT , V T ) by multiplication by fig) -1 , but also by 
conjugation by a(g). Since a{g) acts on V a and V T by a a(g) and T a(g) (respectively), 
a(g) acts on Bom(V a ,V T ) by T a{g)/ a a{g). Hence, = a ct{g)/ T a{g) in Q £ . On 
the other hand, as remarked during the proof of (5.3), we have "e = ip 2 ■ T e. The 
two equalities give the required conclusion 



For the second assertion, we choose t ^ p. With the notation as above, ip(p) = 
<T a(Frobp)/ T a(Frob p ). However, we have a(a p ) = <p(p)T(a p ), as noted during the 
proof of (5.3). On comparing two formulas for tp(g), we get cr(a(Frobp)/a p ) = 



Remark. It should be easy to prove that the set of p for which a p — has density 0, 
since the image of Gal(Q/Q) in Aut V a is open in Aut V a , for any a. 

Let a be a lift of a to a function Gal(Q/Q) — > E* . The function 



is then a 2-cocycle on Gal(Q/Q) with values in F* . (We regard F* as a Gal(Q/Q)- 
module with trivial action.) The image [c] of c in i? 2 (Gal(Q/Q), F*) is independent 
of the choice of a. Since a 2 lifts to the character e, it is clear that [c] has order 
dividing two. 

Consider the map 

f: iJ 2 (Gal(Q/Q),F*) — ► i? 2 (Gal(Q/F), Q*) = Br F 

obtained from the restriction map iJ 2 (Gal(Q/Q), F*) -> i? 2 (Gal(Q/F), F*) and 
the map H 2 (Gal{Q/F), F*) H 2 {Gal(Q/F),Q*) induced by the inclusion of F* 
into Q . (We view Q as a Gal(Q/F)-module in the standard way; i.e., we use the 
Galois action. The notation "BrF" indicates the Brauer group of F.) 

(5.6) Theorem [Chi]. The class of X in Br F coincides with£([c]). 

Proof. According to [1, Th. 3.4], the algebra X is isomorphic to a twisted matrix 
algebra (Endp E) (a) . Theorem 4.8 of [1] expresses [(End_F E)(a)] € BrF as the 
image of a certain two-cocycle whose values are Jacobi sums. By [18, Prop. 1], the 
class of this Jacobi-sum cocycle coincides with the class of the two-cocycle 



a{a 2 /e) = r(a 2 /e). 



T(a(Frobp)/a p ). 



c: (3i,ff2) 



<%i)a(ff 2 ) 



(g,h) 



1— > a(h) 



9-1 = 



9 a(h) 



a(h) 
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on Gal(Q/F). We wish to compare this with the two-cocycle 

a(g)a(h) 



(g,h) 

The product of the two is the map 

(g, h) h 



a(gh) 

9 a{h)a{g) 
a(gh) 



which is a coboundary. Hence the class of X in Br F is the negative of £([c]). Since 
[c] (and [X]) have order two, we get the Theorem as stated. ■ 

A final remark about X concerns the isogeny class of the simple factors of Aq. 
We have X w M(n, D) for some positive integer n, where D is a division algebra 
of dimension one or four over F. Accordingly decomposes up to isogeny as 

the product of n copies a simple abelian variety B over Q whose endomorphism 
algebra is isomorphic to D. Since A is defined over Q, we have 

9 B x • • • x 9 B ~ 9 A^ ~ Aq - B x • • • x B 

for each g G Gal(Q/Q). (The sign "~" indicates an isogeny.) By the uniqueness 
of decomposition up to isogeny we have 9 B ~ B. One says that the isogeny class 
of B is "defined over Q." 

Consider the special case where n = dim A, so that B is of dimension one. The 
elliptic curve B is then isogenous to each of its conjugates (over Q). Borrowing 
(and bending) a term used by B. H. Gross [5], we say that B is a "Q-curve." 



6. Q-CURVES AS FACTORS OF ABELIAN VARIETIES OF GL 2 -TYPE. 

Suppose that C is an elliptic curve over Q which occurs as a simple factor of 
a primitive abelian variety of GL2-type over Q with no complex multiplication 
over Q. As we have just seen, C is a Q-curve; it is, more precisely a Q-curve with 
no complex multiplication. 

In this §, we prove the converse: 

(6.1) Theorem. Suppose that C is an elliptic curve over Q with no complex 
multiplication. Assume that C is isogenous to each of its conjugates 9 C with 
g G Gal(Q/Q). Then there is a primitive abelian variety A of GL 2 -type over Q 
such that C is a simple factor of A over Q. 

(6.2) Corollary. Suppose that C is as in (6.1). Assume Serre's conjecture [22, 
(3.2.4?)] on representations o/Gal(Q/Q). Then C is a simple factor, over Q, of 
Ji(AT) for some N > 1. 

The Corollary follows directly from (6.1) and (4.4). ■ 

Proof of (6.1). Let C be as in the statement of the Theorem. We can find a model 
C of C over a number field K C Q. We may assume that K/Q is a Galois 
extension. For each g G Gal(if/Q), C a and 9 C a arc Q-isogenous. Enlarging K if 
necessary, we may assume that there are isogenies n g : 9 C — > C defined over K. 
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The map 

c: (g,h)^ ^ g 9 HhfJ<gh 

may be regarded as Q*-valued, since Q ® End_K:(C ) = Q. A short computation 
shows that c is a two-cocycle on Gal(K/Q) with values in Q*. The class of c in 
H 2 (Gal(K / Q) , Q*) is independent of the choices of the /z s . By inflation, we may 
(and will) regard c as a locally constant function on Gal(Q/Q). 

(6.3) Theorem [Tate]. Let M be the discrete Gal(Q/Q) -module Q with trivial 
action. Then if 2 (Gal(Q/Q), M) = 0. 

This theorem of Tate is proved as Theorem 4 in Serre's article [21], with Q replaced 
by C. The proof exposed by Serre works equally well in the present case. ■ 

Because of Tate's theorem, there is a locally constant function a: Gal(Q/Q) — ► 
Q such that we have the identity among functions GxG^Q 

a{gh) 

After again enlarging K, we may identify a with a function on Gal(K/Q) and 
regard g and h as elements of this Galois group. 

Let E be the extension of Q generated by the values of a. The definition of c 
shows that we have 

d^g^deg^^ 
deg [igh 

where "deg" denotes the degree of an isogeny between elliptic curves (or, more 
generally, of a non-zero element of Q ® Hom(Ci, C2), where C\ and C2 are elliptic 
curves). It follows that the function 



e: g 



^ (9) 
deg [i g 



is a Dirichlet character Gal(AT/Q) — ► E* . Because a 2 = e (mod Q*), the field E is 
an abelian extension of Q (cf. Prop. 3.6). 

If one performs the analysis of §3 on the abelian variety A which we construct 
below, one finds (e.g., in (3.1)) another Dirichlet character called e. It is very 
likely that the two e's are equal up to "sign," i.e., possible inversion (cf. Lemma 7.1 
below) . 

To simplify notation, let us write simply C for the elliptic curve C Q over K and 
Cq for the curve originally called C. Let B be the abelian variety Res^/Q C, where 
"Res" is Weil's "restriction of scalars" functor [30, 11]. Then B is an abelian variety 
over Q of dimension [K : Q]. It represents the functor on Q-schemes S 1— > C(Sk)', 
in particular, we have HoniQ(A, B) = Hom^A^, C) whenever X is an abelian 
variety over Q. 

Applying this formula in the special case where X = B, we find Endq(_B) = 
Hom/f (Bk, C). On the other hand [30, p. 5], 



b k = n °°- 

creGal(X/Q) 
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Hence we have 

Q O Endg(B) = Yl Q ® Hom K ( CT C, C). 

(7 

Since Q(8)Hom( <T C, C) is the one-dimensional vector space generated by \i a , we find 
that TZ := Q ® Endq(B) may be written as Y[ Q ' AV- Let X a be the element of TZ 
which corresponds to \i a : a C^> C; then TZ is a Q-algebra with vector space basis 

K- 

(6.4) Lemma. We have X a X T = c(cr,T)X crT inlZ for a,r £ G&\(K/Q). 

Proof. Each map X a acts on Bk = Y\ g 9 C as a "matrix" : it sends the factor 9<y C 
to S C by 9 \i a (cf. [5. §15]). A short computation using the identity 

AvVr = c(o-,r)/i (Tr 

gives the desired formula. ■ 

The algebra 1Z is thus a "twisted group algebra" Q[Gal(if/Q)] in which we have 
the multiplication table [<t][t] = c(ct, t)[ctt]. The obvious map of Q- vector spaces 

u) : 1Z —* E, X a i — > a(er) 

is in fact a surjective homomorphism of Q-algebras because of (6.4). 

In [6] , Q (g> EndQ (B) is studied in an analogous situation where C has complex 
multiplication, and where K is the Hilbert class field of the field of complex mul- 
tiplication. (The curve C is then a "Q-curvc" in the original sense of the term.) 
Criteria are given for Q(g>Endq(i3) to be (i) a commutative algebra, i.e., a product 
of number fields, and (ii) a product of totally real fields. It might be interesting to 
formulate similar criteria in our context. 

Let T be the abelian variety \\ a C over K. We write C a for the copy of C in the 
crth place, so that T becomes the product J| C a . We have a map TZ — > Q ® End T 
given as follows: For g £ G&l(K / Q) , the element X g = [g] of TZ acts on T by sending 
Co- to C ga by the map (of elliptic curves up to isogeny) "multiplication by c(g, a)." 
One checks directly that this is a homomorphism of Q-algebras. The variety T 
will be interpreted as TZ ®q C by readers who are fond of such tensor-product 
constructions. 

Let l: T ^> Bk = Y\ a C be the isomorphism of abelian varieties up to isogeny 
which takes the factor C a of T to the factor a C of Bk , via the map a [i a . 

(6.5) Proposition. The map i is TZ-equivariant, for the action of TZ on T just 
defined and for the structural action oflZ on B. 

Proof. The proof of this Proposition is an uninteresting computation, which is 
omitted. 

(6.6) Corollary. The Lie algebra Lic(£>/Q) is a free TZ-module of rank one. 

Proof. The statement to be proved is true if and only if \Aq{Bk / K) is free of 
rank one over R®qK. By (6.5), Lie(Bif/if) may be identified with TZ®Q~Lic(C/K), 
with TZ operating trivially on the second factor. Hence Lic(Bk/K) is indeed free 
of rank one over TZ <8>q K. ■ 
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To complete the proof of (6.1), we let A be the abelian variety E <S>-r. B, where 
E is viewed as a 1Z- module via ui. Explicitly, use the fact that TZ is a semisimple 
Q-algebra to write TZ as a direct sum of its quotient E with the kernel of the map lu. 
Let 7r £ TZ be the projector onto E, and let A C B be the image of 7r, viewed as an 
cndomorphism of A up to isogeny. (In other words, A is the image of m ■ n, where 
to is a positive integer chosen so that to • tt is a true endomorphism of B.) Then A 
is an abelian subvariety of B, defined over Q, whose algebra of Q-endomorphisms 
is E. By (6.6), E acts without multiplicity on Lie(-B) and therefore, in particular, 
without multiplicity on Lie (A). Hence A has dimensional equal to [E: Q], which 
means that A is of GL 2 -type. (It is clear that A is non-zero because n is non-zero.) 

Since Bk is isogenous to a product of copies of C, the same holds true for Ak- 
Thus C is a quotient of Bk- ■ 



7. Q- CURVES OVER QUADRATIC FIELDS. 



Suppose that C is a Q-curve as above and that K is a quadratic field. Let a 
be the non-trivial automorphism of K over Q. Then, by hypothesis, there is a 
-ftf-isogeny \i = \i a : a C — > C '. We take the identity map for iii, where "1" is the 
identity automorphism of K. The cocycle c takes the value 1 on all elements of 
Gal^/Q) x Gal(if/Q) other than (<r, <r). Its value on that pair is the non-zero 
integer to such that is multiplication by to on C. The algebra 7?. may be 

written Q[X]/(X 2 — to), where X corresponds to the element of 1Z we have been 
calling [a]. 

Let us split c by defining a: G&\(K/Q) — > Q* to be the map taking 1 to 1 and 
c to a square root of to. The character 



deg fj, g 



is then trivial if to is positive and of order two if to is negative. In the case where 
9 is of order two, it is an isomorphism Gal(K/Q) ^> {±1}. 

If to is a perfect square, then we have E = Q in the notation of §6. The abelian 
variety A is then a model of C over Q. 

Assume now that m is not a perfect square. Then 1Z = E is a quadratic number 
field, and we have B = A in the notation of §6. The field E is real if to is positive 
and imaginary if to is negative. Thus E is real if and only if 9 is trivial. 

The A-adic representations of A define a Dirichlct character e (Lemma 3.1). 
According to (3.2), e is an even character. Also, e is non-trivial if and only if E is 
imaginary (3.4). Thus e if non-trivial if and only if 9 is non-trivial. 

(7.1) Lemma. The characters e and 9 are equal. 

Proof. By (6.5), Ak is if-isogenous to the abelian variety U E®C," i.e., to the prod- 
uct of two copies of C with E acting through a regular representation E M(2, Q). 
In particular, the A-adic representations of Ak are just the £-adic representations 
of C, viewed as taking values in GL(2,_Ea) rather than in GL(2, Q^). This im- 
plies that the determinants of the PxIq^q/k) are tr±e cyclotomic characters \l- 
Hence e is trivial on Gal(Q/if), and therefore may be identified with a character 
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of G&\(K/Q), which has order two. Since 9 is also a character of this latter group, 
and since the two characters are simultaneously non-trivial, they are equal. ■ 

As mentioned above, it seems very likely that Lemma 7.1 (quite possibly in the 
form e = O^ 1 ) generalizes to the situation of §6. 

(7.2) Proposition [Serre]. At least one of the two quadratic fields E, K is a real 
quadratic field. 

Proof. We give two proofs, the first of which was communicated to the author by 
Serre: Assume that K is a complex quadratic field. After we embed K in C, the 
automorphism a of K becomes the restriction to if of , complex conjugation on C. 
Choose a holomorphic differential u> on C. Then Cc may be identified with the 
curve C/L, with LcC the period lattice of u. The curve a C becomes the complex 
conjugate C/L of C. The isogeny [i is induced by the map "multiplication by 7" 
on C, for some non-zero complex number 7. The integer m may be identified with 
77, and is therefore positive. This means that E is a real quadratic field. 

Another proof can be given as follows. Assume that E is an imaginary quadratic 
field. Then e is a non-trivial character of Gal(if/Q). This character is even by (3.2). 
Therefore K is imaginary. ■ 

The case where E is imaginary, so that K is real, was treated in detail by Shimura 
(see [26, §10] for numerical examples). This case was later studied by Serre [22, 
p. 208], who pointed out that Theorem 4.4 holds in this context. 

8. Descent of abelian varieties up to isogeny. 

Suppose that L /K is a Galois extension of fields and that A is an abelian variety 
over L. A well-known theorem of Weil [29] states that A has a model over K if 
and only if there are isomorphisms fi: a A ^> A (a 6 Gal(L/K)) which satisfy the 
compatibility condition 

(8.1) M<T°Mr = AW- 

As an application of the techniques encountered in §6, we will prove an analogous 
criterion for abelian varieties up to isogeny. Namely, suppose that A is isogenous 
(over L) to an abelian variety B/L which has a model over K. Then one finds 
isomorphisms \i a : a A ^> A of abelian varieties up to isogeny over L which satisfy 
the compatibility condition (8.1). Conversely, one has 

(8.2) Theorem. Suppose that there are isomorphisms of abelian varieties up to 
isogeny over L, fi: a A —* A, which satisfy (8.1). Then there is an abelian variety 
B over K such that A is L-isogenous to Bl- 

Proof. We treat only the case where L/K is a finite extension. (The general case 
can surely be reduced to this one.) Let X be the abelian variety X = Rcs L / K A. 
As in §6, we find a decomposition 

Q(g>End K {X) = }j Q(g>Rom L ( a A,A). 

oeG&\(L/K) 

The homomorphism [i a in the "er th factor" corresponds to an element [a] of Q ® 
End^-(A). This element operates on f\ a A as a matrix, sending T9 A to T A by T fi g 
for each r £ Gal(L/K). 
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Because the analogue of c(<7, r) is 1 in this context, we have simply [<t][t] = [err] 
for (t,t e Ga\(L/K): the identity (8.1) shows that the product of the matrices 
representing [a] and [r] is the matrix representing [or]. Hence 1Z := Q[Gal(L/K)] 
operates on X. 

An analogue of Proposition 6.5 shows that we have 

Xl ~ 1Z ®q A 

in the category of abelian varieties over L up to isogeny. To see this explicitly 
we let A a be a copy of A indexed by a and consider the isomorphism of abelian 
varieties over L up to isogeny 

i: Y[A a ^ Y[°A = X L 

a <r 

which takes A a to a 1 A via the map a Via this isomorphism, the automor- 

phism [a] of X is transported to the permutation which takes each factor A g of 
Y\ A g to the factor A ag , via the identity map A^> A. 

Let B be the image of r\ := J^cr], so that B is an abelian subvariety of X which 
is defined over K. (The sum r\ need not be a literal endomorphism of X, so that, 
strictly speaking, one should consider the image of a suitable multiple of 77.) The 
isomorphism 1 sends Bl to the diagonal image of A in \\ A a = A x • • • x A. Hence 
Bl is isogenous to A. ■ 
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